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Experimental and Theoretical Investigations in Two-Dimensional
Transonic Flow

DONALD J. COLLINS* AND JAMES A. KRUPP|
Jet Propulsion Laboratory, Pasadena, Calif.

Experimental and theoretical results are presented from a study of the flow over a family of transonically
scaled circular-arc bodies mounted in a solid-wall wind tunnel. Data for Reynolds numbers between 1.2 x 106 and
3.6 x 106 based on chord, are compared with the results of computations based on inviscid theory in order to
examine the scaling of inviscid transonic flows in a solid-wall wind tunnel, and to obtain a description of the flow
near choking. For those cases for which extensive separation of the model and tunnel boundary layers does not
occur, excellent agreement between theory and experiment is demonstrated for the flow in the vicinity of the model,
and to a lesser degree for the flow near the opposite tunnel boundary. Some results are presented which illustrate
the analogy between choked flow in a solid-wall wind tunnel and unbounded flow at M^ = 1.0.

Nomenclature
= model chord

P~PccCn = ,———,— pressure coefficient
\p u
M 2^1V1 00

~- -piT Cp — transonic scaled pressure coefficient

H = symmetric tunnel height

K = >.,a^i3— Spreiter transonic scale parameter

Re = Reynolds number based on chord
T = (H/c)d113 —geometrical transonic tunnel parameter
f = MTO

2/3T— Spreiter scaled transonic tunnel parameter
x, y = physical coordinates in units of chord
y = Moo2'3^1'3)? — scaled transverse coordinate
6 = t/c — model thickness ratio
<j) — perturbation velocity potential

Superscripts
* = sonic s

Subscripts
oo = upstream undisturbed flow
ch = choking
crit = critical value
p — peak value
w = wall value

I. Introduction

THE transonic speed regime is the most difficult regime of
aircraft flight in which to accurately predict the performance

of an aerodynamic surface. Difficulties arise because at transonic
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speeds the flowfield contains extensive supersonic regions which
are bounded by regions of subsonic flow. The equations which
describe the flow in this regime are consequently of changing
type, exhibiting adjacent regions of elliptic and hyperbolic
character, and having embedded shock waves which must be
properly modeled. These properties were recognized in the early
computations by Spreiter1 and by Spreiter and Alksne2 for the
unbounded flow over two-dimensional airfoils having simple
geometrical profiles. Following the work by Cole,3 who proposed
a different technique for the solution of the transonic small
disturbance equation, Murman and Cole,4 Krupp,5 and more
recently Murman6 have succeeded in computing the inviscid
transonic flow over a variety of both lifting and nonlifting two-
dimensional configurations, and have provided a firm basis for
the computation of inviscid flows.

When experiments are performed at transonic speeds, a central
question which always arises is that of the relationship between
the experiment and flight in a uniform unbounded medium. The
early work by Guderley7 and later by Morioka8 have provided
analytic solutions of the approximate transonic equations for
conditions of choked flow over geometrically simple bodies in a
solid-wall wind tunnel, and have provided information on the
scaling of those results for bodies of arbitrary shape. Later work
by Spreiter et al.9 has extended these results and demonstrated
the equivalence between choked flow in a solid-wall tunnel and
the unbounded uniform flow at M^ = 1.0.

The present investigation is a combined experimental and
theoretical study of the transonic flow over two-dimensional
circular-arc profiles in a solid-wall wind tunnel. This investiga-
tion has been conducted in an attempt to understand both the
scaling of transonic flows in a solid-wall facility and to under-
stand the influence of the experimental boundary conditions on
the flowfield at supercritical Mach numbers, with particular
emphasis on the choked flow case. In Sec. IVA, experimental
evidence is given to support the ideas of inviscid scaling for
affine bodies at transonic speeds, a central idea in the computa-
tion of inviscid flows. A description is given in Sec. IVB of the
phenomenon of choking of an inviscid transonic flow in a solid-
wall wind tunnel by examining the results of both theory and
experiment. The relationships between choked flow and the
unbounded flow at M^ = 1.0 are discussed, and an extension is
suggested to compensate for wall interference at lower Mach
numbers. Comparisons between theory and experiment are given
in Sec. IVC for the flow over a 6% thick biconvex circular-arc
airfoil at a Reynolds number of 1.2 xlO6 , and the data is
compared with that of Knechtel10 taken under similar conditions
in a porous wall transonic tunnel.
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II. Experimental Technique
The experiments were performed in the Jet Propulsion Lab.

20-in. wind tunnel at Mach numbers 0.6 ̂  M^ 5^0.915, and
Reynolds numbers 1.2 x 106 ^ Re ^ 3.6 x 106, based on chord.
The 20-in. tunnel, shown in Fig. 1, is a continuous operating,
variable density facility which has solid walls and a test section
measuring 45.7 cm wide by 50.8 cm high. The present experi-
ments were performed for a total pressure P0 = 100 cm Hg. For
this condition, a high quality transonic flow is obtained by
adjusting the walls such that the tunnel empty Mach number
is constant throughout the entire region of interest. The Mach
number is adjusted by use of a downstream throat, which
provides steady, reproducible measurements.

The four circular-arc bodies employed in these experiments
were constructed such that the geometrical transonic tunnel
parameter

T-(H/c)^1/3 = 2.68 (1)
remained constant, thus allowing the comparison of the scaled
results given in Sec. IV. In constructing these models, no attempt
has been made to include the Mach number function in the
usual transonic tunnel parameter (cf. Sec. Ill), given by

?=MG0
2'3(H/C)$1'3 (2)

The consequence of this omission will be discussed in Sec. IV.
Two of the models were biconvex airfoils which were mounted
in the center of the tunnel as shown in Fig. 1. These models,
a 6% thick ((5-0.0606), 7.5 cm chord, and a 12% thick
(6 = 0.1181), 9.45 cm chord airfoil were formed by casting an
epoxy aerodynamic surface over an instrumented center spar as
described by Collins.1 * Mounted in the surface of each model are
27 static pressure taps arranged in six rows, three rows on each
side of the model surface. Two of these taps, located at the 50%
chord point on opposite sides of the model, were connected to
a silicone oil U-tube manometer in order to set the angle of attack
to zero. The entire lower surface of the airfoil was visible in order
to provide both schlieren and shadowgraph information about
the flowfield (cf. Fig. 1). The second series of bodies consisting
of both a 12% thick (d = 0.1187) and a 20% thick (d = 0.2068)
half-body, mounted on the wind-tunnel ceiling, were formed by
an epoxy-filled metal skin, instrumented with static pressure taps.
For these bodies, the entire flowfield was visible through
68-cm-diam windows, which were used to obtain schlieren photo-
graphs of the flow. In each case, the bodies spanned the 45.7
cm tunnel width.

Static pressure measurements on the tunnel floor and ceiling
were obtained both by using existing orifices, and by the installa-
tion of a special rake visible on the ceiling in Fig. 1. This
rake consists of twenty-one 1.04-mm-diam hypodermic tubes

bonded to the tunnel, each containing an orifice at a different
location. Simultaneous measurements of the pressure obtained
from this rake and from adjacent orifices indicate excellent agree-
ment. The measured boundary-layer thickness was approxi-
mately 2 cm; hence the rake causes no measurable disturbance
to the freestream flow. All pressures were monitored using the
JPL multiport measuring system and were recorded on the data
acquisition system. The data system simultaneously records data
from the stagnation pressure transducer and the freestream static
pressure transducer, as well as from two 0-15 psia Statham
pressure transducers, each of which sequentially samples 50
orifices through the MPMS. The combined accuracy of these
measurements provides a Mach number resolution of 0.002 for a
total pressure of 100 cm Hg.

III. Theoretical Method
In the present analysis, using singular perturbation methods,

the full potential equation
(a2 - OX

2>I>XX - 23>x 0>y <$xy + (a2 - ^y
2Y^yy = 0

may be approximated by an expansion of the form (cf. Murman
and Cole4)

where
y = g(M^, 8)y (4)

Substituting this expansion into Eq. (3), one obtains

and hence

and

if
K = (l-Mao

2)/Mao
2f(Mgo,5) (5)

_ Using a consistent expansion for the scaled pressure coefficient,
Cp becomes

Cp(x, y; K) = - 20x(x, y ; K ) = Cp(x, y)/f(M^ d) (6)
In a similar way, the boundary condition of tangent flow over
affine bodies y = (d/2)F(x) yields the form

when

and hence
K^l-AO/M^2/3 (8)

as given by Spreiter.1 Under these conditions, Eq. (6) yields a
scaled pressure coefficient given by

e,(x,fl = (Mco
a'3/s2/3)c,(*.if) (9)

and Eq. (5) yields a transonic tunnel height parameter based on
the scaled wall coordinate

f = M00
2/3(H/c)51/3 (10)

where H is defined as twice the distance from the plane of
symmetry of the model to the tunnel wall. Therefore H is equal
to the tunnel height (50.8 cm) for the biconvex airfoils.

For a symmetric body, y± = ± (d/2)F(x), x\ g i, aligned with
the flow, the resulting boundary value problem becomes

(12)

Fig. 1 12% thick biconvex airfoil mounted in the JPL 20-in. wind
tunnel. Flow from the right.

{x, T) = 0 (solid-wall wind tunnel)
(/>x -» 0 as |x| -» oo



JUNE 1974 INVESTIGATIONS IN TWO-DIMENSIONAL TRANSONIC FLOW 773
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Fig. 2 Pressure distribution on the wind-tunnel wall using the Spreiter
scaling for the pressure coefficient. Choked flow, K = 1.36.

Symmetry is used to solve the problem only for y = 0. Follow-
ing the procedure of Murman and Cole,4 an asymptotic formula
for <p as xl -*• oo has been derived in the form

where
KT

1/2

-1/2

-2n\
as ±00

l^f"

'. -

(13)

(14)

Equation (11), subject to the boundary conditions given in
Eqs. (12) and (13), has been solved by the relaxation method
first described by Murman and Cole.4 For most of the computa-
tions presented here, the computational mesh consisted of 90
points in the x-direction (-2.0 = x = 3.5), and 37 points in y,
For this mesh it was found that the second term in Eq. (13)
was exponentially small, and it has not been used in the solutions
presented.

For all values of K > Kch, where Kch is the value of K at which
the sonic line first reaches the wall, y = f, the use of the
boundary conditions given in Eqs. (12) and (13) together with
Eq. (11) lead to solutions which converged rapidly and exhibit
excellent agreement with experimental data. Attempts to lower K
below Kch, and to retain the boundary conditions specified in
Eqs. (12) and (13), lead to solutions which failed to converge.
This is consistent with our physical concept of choked flow. At
choking, the upstream flowfield becomes independent of the
downstream flow, and hence the upstream Mach number, or K,
is no longer allowed to change with decreasing downstream
pressure. Therefore, once K = Kch, the boundary conditions
given in Eqs. (12) and (13) were replaced by $ = const upstream
and a prescription of 4>x (pressure) downstream. This prescription
of the boundary conditions resulted in a fully converged solution
which is completely supersonic downstream. This point will be
discussed further in Sec. IV.

It is important to note that it was necessary to use the fully
conservative differencing scheme recently developed by Murman6

in order to obtain a fully converged solution for the flow near
choking. This was necessary because the difference scheme
previously given by Murman and Cole4 gave an erroneous
description of the flowfield away from the body whenever a
substantial supersonic zone was present.

IV. Experimental and Theoretical Results
A. Transonic Scaling

If we consider the derivation of Eq. (11) in the previous
section in terms of a limit process such that K remains fixed
as 6 ->0 and M^ -> 1, then M^ can be replaced by unity in
Eqs. (9) and (10), and in the denominator in Eq. (8). In an

attempt to extend the range of validity of Eq. (11), many
different scaling laws have been suggested (cf. Krupp5 and
Murman and Cole4). The test of the validity of any one of these
laws must be its ability to scale the experimental data for Mach
numbers substantially different from unity.

Experimental evidence has been given previously for the
validity of scaling in the vicinity of M^ = 1.0. Spreiter,12 using
the data of Drougge,13 has demonstrated the validity of these
ideas by scaling data from axisymmetric bodies of differing thick-
ness (cf. Ferrari and Tricomi14). For two-dimensional flows,
Michel et al.15 have also demonstrated the correspondence of
the pressure distribution obtained at M^ = 1.0 from four
circular-arc models. However, these results do not include data
for upstream Mach numbers substantially different from unity.
Figure 2 shows the results of the pressure distribution generated
on the solid wall of the wind tunnel by the four models
described in Sec.JI under conditions for which the flow is choked.
In this figure, Cp is defined by Eq. (9), corresponding to the
formulation by Spreiter. The corresponding values of both the
choked Mach number, and of the transonic scaling parameter
K, given by Eq. (8), are listed for each case, together with the
thickness ratio 3 and the tunnel parameter T. Included in this
figure are results of the inviscid computations for the choked
flow over the 6% biconvex model. The agreement exhibited
between theory and experiment in this case will be discussed in
detail in the next section.

Figure 3 shows the results obtained from both the 6% and the
12% thick biconvex airfoils mounted in the center of the tunnel.
The data from the choked case, corresponding to the data shown
in Fig. 2, are shown in the upper portion of the figure, together
with the results computed from inviscid theory. The agreement
between the theory and the experiments is well within the 3%
difference between the two experimental cases shown. This figure,
together with Fig. 2, confirms the ideas of scaling for Mach

-5

r-4

--3

O 8= 0.0606
0 S=0.1181

— —- INVISCID THEORY

--2

-3

CP -2

2 L

Fig. 3 Pressure distribution on two biconvex airfoils scaled according to
Spreiter, and comparison with inviscid theory. Note offset scale for

#=1.36.
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numbers near unity. The flow near choking will be considered
in detail in the next section.

The results presented in the lower portion of Fig. 3 for the
same two airfoils (K — 5.1) correspond to a completely sub-
critical case (Kcrit = 2.58), and represent data for which the free-
stream Mach number differs greatly from unity. The correspond-
ing wall pressure distribution measrements for this case exhibit
negligible perturbation from uniform flow, and consequently are
not shown here. These results demonstrate the validity of the
in viscid scaling laws given by Eqs. (8) and (10) for flows whose
Mach numbers are considerably below one.

For the Reynolds numbers of these experiments, the pressure
distributions generated by the wall mounted bodies (cf. Sec. II)
are influenced by the approach boundary layer and have not
been included in Fig. 3. The present experiments indicate that
the interaction with the approaching boundary layer is confined
to a region near the leading and trailing edge of the model
whose extent is of the order of the thickness of the approach
boundary layer, as predicted by Cole.16 The pressure distribution
which results from this interaction scales according to the rules
outlined in Sec. III. The results given in Fig. 2, on the other hand5
confirm Guderley's7 predictions that the far field generated by
this interaction does not differ measurably from that generated
by the biconvex models. A more detailed discussion of the
independence of the wall pressure distribution of the details of
the flow near the body will be given in the next section.

The data presented in Figs. 2 and 3, together with the results
from inviscid theory for the same conditions, demonstrate the
validity of the scaling laws given in Eqs. (8) and (10) for affine
bodies whose thickness ratio is nonvanishing, and for Mach
numbers that differ substantially from unity. This is not to imply
that the scaling is unique, however. The scaling given by Krupp5

yields a disparity of only 7% at the midchord station for this
large value of K, compared to the 3% discrepancy of the data
shown in Fig. 3. However, it has been found that, even for Mach
numbers near the critical value, substantial differences arise when
the limiting form suggested by Murman and Cole4 is used to scale
the present experiments. The validity of a particular form of the
transonic scaling parameter cannot be determined with more
precision using circular-arc bodies, but must be obtained from
bodies whose pressure distributions show more pronounced
behavior near the leading edge (cf. Krupp5).

B. The Flow Near Choking
The phenomena associated with the choking of a solid-wall

wind tunnel are of interest because of their importance in defining
a limiting case of wind-tunnel wall interference, and because of
the representation thus afforded of the unbounded flow near
Mm = 1.0.

Figure 4 is a composite sketch of the development of the flow
over a 20% thick half-body, mounted on the wind-tunnel ceiling,

S =0.1181

•-1.0

M < i

O MCH = 0.856
D Mw= 0.856
A M^ 0.855 Cp -
O M^ 0.850
x M^ 0.787

C*

--0.8 /

/--0.6 /

I

--0.4 &

A
DECREASING
DOWNSTREAM
PRESSURE

Fig. 4 The flow pattern near choking for a 20% wall mounted body.
Re = 3.6 x 106, Mcrit = 0.669, Mch = 0.803. Note the pattern inversion

created by schlieren photography.

-3.0

Fig. 5 Pressure distribution on the wind-tunnel wall for the 12% thick
biconvex airfoil near choking.

as the Mach number is increased from its critical value
(Mem = 0.669) to that corresponding to choked flow(Mch = 0.803)
by decreasing the downstream pressure. The data were obtained
by tracing the flow patterns from a succession of schlieren
photographs, which accounts for the apparent inversion of the
model position suggested in Fig. 4. The location of the sonic
line indicated in the figure has been represented from measure-
ments of the location of its end points, available from pressure
measurements on the body and on the tunnel wall, and should
not be assumed to be precise.

As the Mach number for the flow illustrated in Fig. 4 is
increased beyond the critical value to approximately M^ = 0.78,
the sonic zone grows slowly and both the peak Mach number
on the body and the peak Mach number on the wall are nearly
proportional to M^ (cf. Fig. 7). Beyond this Mach number, the
flow both over the model and adjacent to the opposite wall
accelerates rapidly with increasing Mach number. As the down-
stream pressure is decreased further, the sonic line intercepts the
opposite wall, isolating the flow upstream of the sonic line from
any further changes in the downstream boundary condition. This
condition, that the sonic line intercepts the opposite wall,
establishes the Mach number, and hence the value of K at which
choking occurs. As the downstream pressure is reduced further,
the region of supersonic flow between the sonic line and the
shock wave increases in extent as illustrated in Fig. 4. So long
as the flow downstream of the shock is subsonic at any point
along its length, the shock location, and hence the flow pattern,
depends on the downstream pressure. Thus an entire family of
flows is generated for which the upstream Mach number is
constant and equal to the choked Mach number. In each case,
the flow upstream of the shock wave is independent of the
downstream pressure, and only the shock wave location is
permitted to vary, as illustrated in Fig. 5. As the downstream
pressure is decreased further, the shock wave becomes oblique
over its entire length, and the flow downstream of the shock
becomes entirely supersonic. This condition represents a second
limit in the choking process. Any further decrease in the down-
stream pressure has no influence on the flow pattern under
consideration.

The flow patterns given in Fig. 4 are both stable and
reproducible, and represent a family of flows which depend on
the downstream boundary conditions much as the flow in a
choked nozzle depends on the back pressure.

The data shown in Fig. 5 illustrates the behavior of the flow
adjacent to the wind-tunnel wall for conditions near choking.
Upstream of the leading edge station (x/c = —0.5), the pressure
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distribution is independent of the final flow state except at the
lowest Mach number. Between M^ = 0.850, for which the shock
wave runs approximately one-half of the way across the tunnel
for the case of the 12% biconvex airfoil, and M^ = 0.855, for
which choking occurs, the flow accelerates and becomes sonic
at the wall. The flow downstream of the shock continues to be
subsonic, however. As the downstream pressure is reduced
further, the flow accelerates over the rear of the model, and an
oblique shock forms on the tail, leaving an extensive zone of
supersonic flow downstream of the body. The 12% biconvex air-
foil data has been chosen for Fig. 5, rather than the data
corresponding to Fig. 4, because of the greater extent of pressure
data available downstream for the airfoil. The scaling demon-
strated in Fig. 2 and discussed at length in the previous section
permits an extension of the results presented in Fig. 5 to the other
cases under consideration.

An alternative way of viewing the wind-tunnel wall pressure
distribution for choked flow is illustrated by the results shown
in Fig. 6, where the data is again plotted in scaled coordinates.
Spreiter et al9 have shown that for flows near M^ = 1.0, the
classical scaling relations, derived for small perturbations from
sonic speed, yield an expression for the choked Mach number
in terms of a body shape function A, given by

(l-Mc,)(T2/5/^2/3) = ^ (15)
From experiments, Spreiter et al.9 have shown that for a double-
wedge airfoil

(l-Mch)(T2l5/d2/3) = A=Ll21
For the circular-arc profile, the present experiments give the
value

According to the theory of Guderley,7'17 the choked flow near
the wall is independent of the body shape function when plotted
in terms of the coordinate system used in Fig. 6

-i.o

S = 0.0606T = 2.68
8 = 0.1187 T = 2.61
8=0.2068 T = 2.68

THEORY -MORIOKA
DOUBLE WEDGE 8= 0.10
T = 2.27

l l .O

1.3

1.2

_ O 6% BICONVEX
A 12% BICONVEX
O 20% HALF BODY

Mr,, - 0.804

MCH =0-915

9

0.9

Fig. 7 The peak wall Mach number as a function of the freestream
Mach number for a solid-wall wind tunnel. Data from a 6"a and a 12%

biconvex airfoil and a 20% half body.

1-M T215 x/c

Fig. 6 The pressure distribution on the wind-tunnel wall under choked
flow conditions using the Guderley scaling.

which contains both the profile shape function A and the
geometrical tunnel parameter T. The solid line in Fig. 6 represents
the Guderley7 theory for the limit of a large tunnel parameter,
T -> oc. Compared to the theory by Guderley are the theoretical
results given by Morioka8 for a double-wedge airfoil with
T = 2.27, represented by the solid squares in the figure, and
the present experimental data (T = 2.68) for the three circular-arc
airfoils listed in the figure. The dashed curve is used to fit the
data. These results again verify the inviscid scaling laws for the
particular case of choked flow, and in addition demonstrate the
independence of the scaling from the body shape parameter as
discussed previously, and the dependence on the tunnel para-
meter.

The extreme sensitivity of the flow to the freestream Mach
number in the vicinity of choking as illustrated in Fig. 5 is
characteristic of these flows. This sensitivity is demonstrated by
the approach to the choked condition shown in Fig. 7, where
the peak Mach number on the tunnel wall is plotted as a function
of the freestream Mach number for both the 6% and the 12%
biconvex airfoils and for the 20% half body. These data show that
the peak wall Mach number increases linearly with M^ up to
the critical Mach number. For supercritical flows, the flow
near the wall is rapidly accelerated and becomes sonic at the
Mach number corresponding to choking. At this Mach number,
the slope is infinite and the peak wall Mach number becomes
independent of the freestream Mach number and depends only
on the downstream pressure (cf. Figs. 4 and 5).

A more graphic representation of the behavior of the flow
near choking is shown in Fig. 8 where the peak wall pressure
coefficient given by Eq. (9) is shown as a function of the transonic
scaling parameter K given by Eq. (8). The use of the Spreiter
scaled coordinates serves to collapse the data given in Fig. 7 into
a single curve in agreement with the theoretical predictions,
shown as the solid symbols in the figure. This figure shows that
in the vicinity of choking the data for both the 6% airfoil and
for the theory differ somewhat from the remainder of the data
shown in Fig. 8. The cause of the disagreement for the 6%
airfoil data is believed to lie in the somewhat larger tunnel
parameter used in this case (T = 2.52 as compared to 2.38 for the
12% airfoil, cf. Fig. 2). This fact results in a lower value for K
for choked flow. The difference exhibited by the theory will be
discussed in subsequent paragraphs.

The sensitivity near choking is duplicated in the theoretical
calculations, presented in Figs. 2 and 3 for the choked flow
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Fig. 8 The peak wall pressure coefficient, scaled after Spreiter, as a
function of the transonic scaling parameter K.

over the 6% biconvex airfoil and in Fig. 8. These calculations
demonstrate the importance of prescribing the proper boundary
conditions for computations of the choked flow case. The flows
illustrated in Figs. 2 and 3 were computed by prescribing the
normal asymmetric boundary conditions [cf. Eq. (12)] on the
potential for K ^ 1.5 (M^ = 0.89). For K < 1.5, logic was intro-
duced to permit switching of the boundary conditions according
to whether or not the sonic line reached the opposite wall. When
the flow at the wall reached sonic velocity, the upstream
boundary condition was no longer allowed to vary, and the
downstream boundary condition was changed to a prescription
of (f)x, which is equivalent to a prescription of the downstream
pressure as in the experiments. Two choked flow solutions
have been computed for K = 1.49 (d = 0.0606; T = 2.68), which
correspond to the two branches of the inviscid curve shown in
Fig. 2. The first was computed for </>x = 0.025 downstream and
exhibits a subcritical flow beyond the shock wave. For the second
case, 0X was increased until the solution was entirely supersonic
on the downstream boundary. This procedure for (j)x is entirely
consistent with the experiments, in which the downstream
pressure is lowered to achieve a fully choked flow.

The excellent agreement achieved in the latter case for the flow
over the 6% airfoil is shown in Fig. 3. The agreement between
the computed pressure distribution at the wall and the experi-
ments (cf. Fig. 2) is not as good, but clearly demonstrates the
proper behavior. For the flow near the wall, the deviation between
theory and experiment originates upstream of the sonic line and
results in a peak value of Cp which occurs upstream of the
shock wave. However, the location for the oblique shock wave,
based on a maximum slope criterion, is nearly identical to the
experiments. The experiments indicate a well defined shock wave,
while the theory indicates a compression that is spread over
several mesh points with a sizable influence.

The major disagreement between theory and experiment, how-
ever, is in the prescribed value of K necessary to achieve
chokedflow(Ktheory = 1.49;Xexp - 1.19 for 5 = 0.0606, f = 2.52).
For T = 2.38, the value of the scaling parameter for which
choking occurs in the experiments (K = 1.36) has been obtained
from the results shown in Figs. 2 and 8. The maximum deviation
from this value occurs for the case of the 6% airfoil (K = 1.19;
cf. Fig. 8) and results as a consequence of the failure to
account for the Mach number dependence of the transonic tunnel
parameter f in the construction of the models. This point is
only important for flows near choking, for which the wall is near
the body in the transonic sense. The value obtained for K from
the theory (K = 1.49) corresponds to a choked Mach number
Mch = 0.898 for the 6% airfoil, relative to a measured choked
Mach number Mch = 0.915, and equals the Mach number
(M = 0.899) obtained from a standard one-dimensional calcula-
tion.

We do not at this time have an adequate explanation of the
difference between the choking Mach number Mch from theory
and experiment. Several factors may contribute to the differences
between theory and experiment. The first possibility is that
viscous effects, which are excluded in the theory, are influential
in the experiments. For the present experiments the interaction
between the shock wave and the wind-tunnel boundary layer is
not sufficiently strong to cause separation. However, this inter-
action will increase the boundary-layer thickness and produce an
effective decrease in the tunnel parameter, and hence an increase
in K at choking, in opposition to the observed effect. At the
model a somewhat different picture emerges. For the biconvex
models, the Reynolds numbers are sufficiently high that the model
boundary layer is fully turbulent over a substantial portion of
the model. The pressure gradient induced by the shock wave at
the trailing edge is insufficient to cause separation on either of
the biconvex models. As a consequence, the wake is thin and
although its influence is to reduce the effective model thickness,
and hence decrease the value of K at choking as observed, the
effect should be small and should play little role in the modifica-
tion of the downstream boundary condition specified for the
inviscid computations. For the ceiling mounted bodies (cf. Fig. 4),
the interaction is more complex. Separation of the turbulent
boundary layer by the shock wave generates the lambda
character of the shock wave near the body, with separation
occurring near the forward intersection shown in Fig. 4. This
case is analogous to the flow discussed by Alber et al.18 as
Case B. A partial description of the separation process is given in
Ref. 19.

The computations of the flow over the 6% airfoil most probably
disagree with the experiments as a result of the inadequate
choice of the boundary conditions at the upstream and down-
stream boundaries. The modifications of these boundary condi-
tions may require viscous corrections as well as a more accurate
description of the inviscid flowfield. However, because of the
observation that near choking the pressure distribution on the
airfoil experiences a Mach number independence that is
analogous to the sonic freeze phenomenon observed for
unbounded flows, it is unlikely that the modifications necessary
to effect the small change in Kch required for agreement with the
proper experimental value would have any substantial effect on
the agreement between theory and experiment on the airfoil.

For a particular airfoil, a close analogy exists between choked
flow in a solid-wall tunnel and unbounded flow at M^ = 1.0
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because of the existence of a limiting characteristic for sonic
unbounded flow which is asymptotic to the sonic line at infinity,
and consequently isolates the flowfield upstream of this charac-
teristic from the behavior downstream. By analogy, when the
sonic line reaches the wall for the choked case, a new limiting
characteristic is introduced upstream of the location defined for
the unbounded flow. This characteristic is that which reaches the
sonic line at the wall. Characteristics upstream of the limiting
choked flow characteristic, which contain expansion information
from the body, reflect as compression characteristics from the
sonic line. Downstream of this characteristc, expansion waves
reflect from the solid wall as expansion waves, modified of course
by the wall boundary layer. The consequence of these facts is that
the flowfield upstream of the choked flow limiting characteristic
will be representative of that appropriate to sonic unbounded
flow. If the analogous flow in the tunnel is fully choked, the
flow between the limiting characteristic and the shock will also be
representative of the unbounded sonic flow, modified by the
second-order effects introduced by the expansion waves reflected
from the wall.

A test of this analogy between choked flow and the unbounded
flow at M^ = 1.0 is illustrated in Fig. 9 for the pressure distribu-
tion on an airfoil. In this figure, data from the 6% biconvex
airfoil under choked flow conditions have been reduced by stating
that M^ = 1.0, and computing Cp accordingly. These results are
plotted in Fig. 9 as a function of chordwise position, and are
compared with the theoretical results of Spreiter and Alksne2

for unbounded flow at M^ = 1.0. The Spreiter and Alksne results
have recently been reproduced at Mach numbers slightly in excess
of one by Murman20 and are believed to be an accurate represen-
tation of the unbounded sonic freestream flow. The agreement
between the choked flow results and the unbounded flow theory
is excellent. For x/c > 0.65, a noticeable trend appears in the
data which may be a consequence of the finite tunnel parameter;
however, the maximum value of this discrepancy does not exceed
about 4%. In contrast, the experimental data of Knechtel,10

obtained in a porous-wall tunnel at M^ = 1.0, shows significant
disagreement over the entire chord. The reasons for this difference
may lie in the fact that a porous tunnel at M^ = 1.0 allows
communication between the downstream and the upstream flows
through the plenum chamber used to cancel the reflected waves.
Thus the duplication of the sonic result of an isolated upstream
flow is not achieved. Knechtel's results for a solid-wall tunnel
operating at the choked condition have not been shown in
Fig. 9. These results lie between the data from the current
experiments and that for the porous-wall facility.

C. Comparison of Experimental Results
A summary of the pressure distribution measurements for the

6% thick biconvex airfoil at a Reynolds number Re = 1.2 x 106

is compared in Fig. 10 with the results of the theoretical calcula-
tions outlined in Sec. Ill, and with corresponding measurements
by Knechtel10 obtained in a porous-wall wind tunnel at
Re = 2.0 x 106. These results indicate that for M^ < Mcrit,
excellent agreement exists between the present results and those
of Knechtel. For M^ =0.857, the first supercritical case presented,
a difference appears between the present data and that of
Knechtel near the region of minimum pressure coefficient, and
in the vicinity of the shock. Further increases in Mach number
to M^ = 0.903, Mch = 0.915 also exhibit differences in the vicinity
of the shock wave. This behavior is consistent with the wall
interference exhibited in Figs. 7 and 8 which delays the shock
wave formation, and has the net effect of producing a flowfield
which is appropriate to a higher freestream Mach number.
These differences arise because of the different boundary condi-
tions which exist in the two experiments and are supported by
the computations of Murman.21

The comparisons shown in Fig. 10 between the present experi-
ments and inviscid theory are exact for M^ < Mcrit. For
M^ = 0.857, a 5% discrepancy immediately preceding the shock
wave is thought to be the consequence of viscous effects as both
the shock wave location and the pressure distribution on either
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Fig. 10 Pressure distribution on the 6% biconvex airfoil as a function
of Mach number for Re = 1.2 x 106. Present data compared with that of

Knechtel10 and with inviscid theory. Note offset scales.

side of the shock wave show exact agreement. No computation
has been made for the M^ = 0.903 data shown in Fig. 10. As
stated in the previous section, the choked flow solution shows
good agreement with experiment when the computation cor-
responding to a supercritical downstream boundary condition is
used, even though the computed Mach number is in error.

The question of a possible relationship between the flowfield
measured in a solid-wall wind tunnel and that obtained from the
same body in a porous-wall wind tunnel has led to the empirical
observation that excellent correspondence can be obtained
between the present measurements and those of Knechtel10 if
the current data for supercritical flows (cf. Fig. 10) are reduced
by using the measured peak wall Mach number given in Fig. 7
in place of the measured freestream Mach number when
Mwp ^ 1.0, and by using unity for choked flows. As shown in
Fig. 9, this criterion, when applied to choked flow, yields the
results for an unbounded flow at M^ = 1.0, and not the porous
wall result. For Mach numbers below unity, however, the porous
tunnel is expected to yield results that are representative of
unbounded flows. It must be emphasized, however, that this is
an empirical result and has no basis in theory.

Correlations of the present data with that of Liepmann,
Ashkenas, and Cole,22 and of Liepmann23 have not been
successful. Symptomatic of the problem is the fact that the
critical Mach number reported by Liepmann23 (Mcrit = 0.899)
is considerably higher than that observed either in the present
results or by Knechtel.10 This is perhaps a consequence of the
aspect ratio ( yR= f) used in the early experiments, but is more
likely a consequence of an observed freestream Mach number
gradient that has been noted in those measurements.
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The experiments of Michel et al15 have also been examined.
The result for the critical Mach number for the 6% half-body
(Merit = 0.875) reported in Ref. 15 does not correspond to the
present result, which may be a consequence of the effect of the
approach boundary layer on the pressure distribution on a model
mounted on the tunnel floor.

The data obtained by Wood and Gooderum24 for the pressure
distribution on a 12% thick biconvex airfoil in a freejet agrees
with the present data over the forward portion of the model, up
to the midchord position. In addition, the measured values of the
critical Mach number are in exact agreement for the two experi-
ments. However, the measured pressure distributions do not
agree in the region downstream of the shock wave. For example,
Wood and Gooderum report that for M^ = 0.861, Cpmax =
— 0.60 at x/c = 0.5, and subsequently the flow separates, whereas
the present results for Mch = 0.856 exhibit fully attached flow
(cf. Fig. 3).

V. Conclusions
A combined experimental and theoretical program has been

described in which the flows generated by a family of transonically
scaled circular-arc bodies mounted in a solid-wall wind tunnel
have been studied for Reynolds numbers 1.2 x 106 ^ Re ̂  3.6^
106, and for Mach numbers 0.6 ̂  M^ ^ 0.915. The results for
this investigation have shown that for Re ̂  106, for which the
turbulent boundary layer is thin and remains attached, inviscid
theory gives an excellent representation of the flowfield over the
body. Near choking in the solid-wall facility, the computations
yield a reasonable description of the flowfield, but do not
reproduce the proper choked Mach number or the pressure
distribution on the wall. The flowfields at high Reynolds number
are shown to be similar when scaled with the transonic scaling
laws given by Spreiter,1 and the choked flow experiments show
excellent agreement with the approximate theories of Guderley7

and Morioka8 for the choked flow over a thin airfoil. The
experiments have been used to provide a detailed description
of the phenomenon of choking in a solid-wall wind tunnel, and an
analogy has been discussed which relates the results for choked
flow to the flow at M^ = 1.0 over an airfoil in an unbounded
stream.
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